MATH 201 CALCULUS I
REFRACTION PROJECT

In this project we use Fermat’s Principle to analyze the refraction of light.

Fermat’s Principle: Light follows a path that minimizes travel time.

An experiment:  Fill a glass with water, and place a pencil in the water at an angle (not vertical).  Notice the apparent bend in the pencil at the surface of the water?  You know the water is not actually bending the pencil, so it must be bending the light rays from the pencil to your eye.  More precisely, a light ray from a point on the pencil (say, the bottom end) travels through the water along a straight line to the surface, and then it changes direction to travel along another straight line to your eye.
This bending phenomenon is called refraction, and it occurs whenever a light ray passes from one medium to another in which the speed of light is different.  In the figure below we have labeled the angles the light ray makes with the vertical α (in water) and β (in air).   How do you think the angles α and β in the figure are related?  We will discover the answer in this project.
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In contrast to reflection, with refraction there isn’t just one speed of light, but two – one speed in air and one in water.  In general, light has a different speed for each medium through which it travels.
The symbol c is commonly used for the speed of light.  Suppose we write 
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 for the speed of light in air and 
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 for the speed of light in water.  Similarly, we can write 
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 for the travel time of the light ray through the air and 
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 for the travel time through water.  The travel times are functions of x because they depend on where the ray passes from water to air on its way from the pencil tip to the eye.  Then, because the speed is constant in each medium, 
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 is the distance traveled through water, and 
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(a) Show that the total travel time, 
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for any x between 0 and D.

(b) Calculate 
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(c) Show that 
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(d) Use (b) to justify the classic description of the angle of refraction:

Snell’s Law.  The ratio of the sine of the angle of incidence to the sine of the angle of refraction is a constant.

(e) Show that the second derivative of T is always positive, and therefore that any solution of 
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 is the x-coordinate of a minimum point.
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